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In order to describe the entangled network structure in polymer melts visually, a
complex network model without growth is proposed. The analysis shows that the
exponential distribution can be exhibited from the statistic of the network after a long time
accumulation, the average number of entanglements can be decreased if the probability
of deleted edges is not less than that of created edges, and the simulation result and the
theoretical one are the same, approximately.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Many systems in nature and in technology are made up of a large number of highly interconnected dynamical units.
Coupled biological and chemical systems, neural networks, social interacting species, the Internet and theWorldWideWeb
are just a few such examples [1–3]. The first approach to capturing the global properties of such systems is to model them
as graphs whose nodes represent the dynamical units and where the links stand for the interactions between the units. Two
important models, the Watts and Strogatz (WS) model [4] and the Barabási and Albert (BA) model [3], are found in many
natural and artificial networks. The WS model is the pioneer one and the one representative of nongrowing models, and
is based on a procedure of rewiring of the edges, implemented with a probability p, and has a fixed network size N . A WS
network displays a small-world effect. The BAmodel is themost successful growingmodels; it is based on two foundational
mechanisms: growth and preferential attachment, that is, a new node is introduced into the network at each step and
connects with an old node with probabilityΠ ∼ ki, where ki is the degree of the old node. A BA network has the scale-free
property.
On the other hand, in recent years, more and more things made of plastic, rubber and fiber are being widely used in
daily life, which arouses considerable interest in studying polymer melts. According to the previous conclusion reached
by Bird and Wiest [5] and Bird et al. [6], we know that there are instantaneous network structures in polymer melts. It
is a common assumption to consider the polymer macromolecules in melts linked in a network of entanglements, which
are temporary junctions. These entanglements can slide along the chains, disappear and reform continuously and they can
translate, rotate and deformwith the liquid changing [7,8]. Even the flow behavior of polymer melts seems to be dominated
by the entanglement phenomenon. Now, we have proposed an evolving network model with community structure for
describing the entangled network structure in polymermelts visually [9]. In this paper, we continue by proposing a complex
network model of polymer melts without growth for studying the structure and characteristics of polymer melts; this is
obviously different from the previous way of proceeding, through undiluted physical methods and processing experiments.
All of the models discussed so far take observed properties of real-world networks, such as degree sequences or
transitivity, and attempt to create networks that incorporate those properties. In this paper, we consider macromolecular
chains in polymer melts as communities; each community has many entanglements (where the entanglements can be
regarded as the inner-nodes, which are created by the branch chains with the molecular ones, or the self-entangled ones).
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Twodifferentmacromolecular chains entangle to create an inner-node,which is considered a node in this paper. The detailed
model is presented in Section 2. After analyzing our network model, we investigate some basic properties of this model
through a series of numerical simulations.
2. The network model description
In this section, the nongrowingmechanics of our networkmodel is described. For simplicity, themodel is both undirected
and unweighted. The basic rules of the model are described as follows:
(i) Initial condition: The network model is initialized with N (N > 1) nodes. Each node has k0 links with other nodes.
There are E = N · k0/2 edges.
(ii) The total number N of nodes is fixed.
(iii) At each time step t , one of the edges is deleted with probability p and a new edge is created with probability q. Two
nodes of the new edge are selected using the following equation:
p(ki) = ki + 1∑
l
(kl + 1) (1)
where ki is the degree of the node i.
3. The degree distribution
The degree distribution is one of the most important statistical characteristics of a network. We use the master
equation [10,11] to predict the degree distribution of the individual nodes. At time t,M(k, t) is the number of the nodes
with a degree k. We have the following equations:−
k
M(k, t) = N (2)−
k
kM(k, t) = 2E (3)
with the initial condition
∑
M(k0, 0) = N . By construction, we have
M(k, t + 1)−M(k, t) = p · (k+ 1)M(k+ 1, t)− kM(k, t)
E
+ 2q
2E + N [kM(k− 1, t)− (k+ 1)M(k, t)] . (4)
Eq. (4) is logical with 1 ≤ k ≤ E.
Assuming that the limitMs(k) = M(k, t →∞) exists, we get the following equation:
Ms(k+ 1) = 1p(k+ 1)(γ + 1) [(k(γ p+ γ q+ p)+ γ q)Ms(k)− γ kqMs(k− 1)] (5)
where γ = 2EN is defined to be the average number of entanglements.
Then one gets from Eq. (5)
Ms(k+ 1)− qγp(γ + 1)Ms(k) =
k
(k+ 1)
[
Ms(k)− qλp(γ + 1)Ms(k− 1)
]
. (6)
Setting α = qγp(γ+1) , Eq. (6) can be rewritten as follows:
Ms(k+ 1)− αMs(k) = k
(k+ 1) [Ms(k)− αMs(k− 1)]
= k
(k+ 1) ·
(k− 1)
k
[Ms(k− 1)− αMs(k− 2)]
= k!
(k+ 1)! [Ms(1)− αMs(0)]
= 1
(k+ 1) [Ms(1)− αMs(0)] . (7)
If α < 1, that is, p ≥ q, the solution of Eq. (7) has the following form:
Ms(k) = Cαk (8)
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Fig. 1. The degree distribution of the present model with p = 0.8, q = 0.6 and after t = 103 time steps. The stars and solid curve represent the simulation
and theoretical results, respectively.
where C is satisfied with Cα − αMs(0) = 0, that is,
Ms(0) = C . (9)
On the other hand, we have
∑
k Ms(k) = N; we obtain
C + Cα + Cα2 + · · · + Cαk + · · · = C 1
1− α = N. (10)
Therefore,
C = N(1− α) = N p(γ + 1)− qγ
p(γ + 1) . (11)
Substituting this into Eq. (9), we obtain that
Ms(0) = N p(γ + 1)− qγp(γ + 1) . (12)
From
∑
M(k0)=N , we get
Ms(k) = N p(γ + 1)− qγp(γ + 1) ·
[
qγ
p(γ + 1)
]|k−k0|
. (13)
From the definition ofMs(k), the degree distribution can be described as
Ps(k) = Ms(k)/N = p(γ + 1)− qγp(γ + 1) ·
[
qγ
p(γ + 1)
]|k−k0|
(14)
which decays exponentially with k. Thus the resulting network is an exponential network. Note that most small-world
networks including the WS model belong to this class [12,13].
4. Numerical simulations
In order to show the validity of the above model, the theoretical degree distribution is compared with the simulation
one. The initial condition is N = 1000 and k0 = 100.
In Figs. 1 and2,we report the theoretical and simulation results for the degree distribution. It is obvious that the numerical
simulation and the theoretical result are the same, approximately, and both of them obey an exponential distribution.
In Fig. 3, we present simulation results for the average number of entanglements vs. the time step t for various values of
the p and q. When p ≥ q, that is, the probability of deleted edges is not less than that of created edges, the average number of
entanglements decreases. When q is fixed, the average number of entanglements is also becoming smaller and smaller with
p increasing. These results are significant for the application of our model. If the number of entanglements decreases, the
number of vacant sites of polymer melts increases, the force between molecules decreases and the effect of the molecular
orientation becomes stronger, which results in material tensile strength and stiffness increasing. In other words, it favors
quick molecular reptation, and the viscosity decreases. Therefore, it is easy to process the polymer products. Actually, in
real processing, we often make the viscosity of polymer melts decrease by means of technical approaches such as heating
or adding pressure. In summary, our model causes these properties of polymer melts to materialize.
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Fig. 2. The degree distribution of the present model with p = q = 0.5 and after t = 104 time steps. The stars and solid curve represent the simulation
and theoretical results, respectively.
Fig. 3. The average number of entanglements of the present model versus time step t .
5. Conclusion
In conclusion, a nongrowing networkmodel of polymermelts has been proposed. Themodel presented is an exponential
network. Besides the theoretical reasoning, we performed a numerical simulation as well, and the two resulting values are
in reasonably good agreement. Additionally, it is worthy of mention that the average number of entanglements decreases
when p ≥ q, which could be a theoretical guide for polymer processing.
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